Introduction
Wireless data communication traffic is witnessing exponential growth primarily due to increase in the number of subscribers and smart portable devices per subscriber [1] . This rate of growth implies challenges for existing radio frequency (RF) communication system to meet high traffic demands. A potential solution to complement existing RF is the use of optical wireless communications (OWC) [2] . The prospect of OWC using visible part of the spectrum, called visible light communication (VLC) , to meet high data rate demands has been demonstrated in [3] using orthogonal frequency division multiplexing (OFDM) transmission technique. Spectrally efficient optical OFDM (O-OFDM) will continue to gain popularity in VLC due to its ability to maximise the use of limited modulated bandwidth of light emitting diodes (LEDs) [4] . However, the problem of high peak-to-average power ratio (PAPR) must be mitigated in O-OFDM in order to fully exploit the huge spectrum resources available for use in VLC.
The dynamic range of LEDs is limited [5] . This limitation makes it challenging to modulate the full amplitude swings of signal with high peaks on LED intensity without clipping. As a result, the clipping causes signal distortion which degrades the error performance of the signal. Significant research effort is being directed towards the PAPR reduction technique in O-OFDM. Among the techniques is the use of post-coding scheme based on discrete cosine transform (DCT) implemented after the inverse fast Fourier transform (IFFT) operation to reduce the PAPR of O-OFDM signals [6] . Embedding pilot symbol in the original O-OFDM signal in frequency domain for the purpose of PAPR reduction is proposed in [4] . Another method that generates series of Toeplitz matrix using the time domain signal out of which the O-OFDM signal with the lowest PAPR is selected for transmission is presented in [7] . Authors in [8, 9, 10] proposed spatial domain O-OFDM utilising grouped LEDs as a means of transmitting O-OFDM signal with reduced peaks.
It is a common practice to illuminate an indoor environment with panels of luminaire having multiple LEDs for sufficient and uniform illumination [11] .
Thus, the spatial domain O-OFDM approach takes advantage of the multiple LEDs to mitigate some of the existing problems of O-OFDM in VLC [8, 9, 10] . O-OFDM signal achieved via spatial summing involves partitioning the subcarriers for transmission over different groups of LEDs. However, the number of transmit chains increases as the number of LED groups increases. Thus, study reported in [12, 13] proposed the use of pilot-assisted (PA) electrical PAPR reduction technique to further reduce PAPR and limit the number of transmit chains in the system. While PA O-OFDM system using grouped LEDs is investigated in [12, 13] , a quantitative analysis of its PAPR distributions has never been reported in literature. The theoretical work presented in [14] is based on PAPR distributions of the PA O-OFDM signal
In this work, we extend the study of the PA technique in spatial domain O-OFDM utilising grouped LEDs to theoretically characterise the PAPR distributions and PAPR reduction gain using order statistics. Application of order statistics as analytical tool has been reported in varieties of fields ranging from life sciences to radio frequency (RF) wireless communications [15] . Areas where order statistics have been applied in RF wireless systems include transmission and reception techniques involving diversity combining, multiuser scheduling and channel adaptation in multiple-input-multiple-output (MIMO) and OFDM [15] . In this paper, we apply order statistics to quantify the PAPR distributions of the PA O-OFDM utilising grouped LEDs. Closed-form result of the PAPR distributions of the technique is presented using the complementary cumulative distribution function (CCDF), which gives the probability of a PAPR value exceeding a certain threshold level, y. PAPR is an important metric of interest employed in an OFDM system for estimating the dynamic range of the digitalto-analog converter (DAC) [16] . Thus, theoretical framework of the electrical PAPR distributions in PA O-OFDM will serve as a guideline for implementation of the technique in multiple LEDs systems.
The analytical framework for evaluating the PAPR distributions and PAPR reduction gain using order statistics is validated with computer simulation. ... (QAM) complex data symbols onto IFFT subcarriers. In the illustrated system, these subcarriers are partitioned such that the g th LED array transmits subset of the subcarriers. This partitioning is done with the use of G filtering blocks within the system [9] . Thus, the same signal modulates the intensities of LED arrays in the g th group with each group having a separate driver.
Let X d be the data stream intended for transmission. Data sequence X d is converted from serial to parallel and mapped onto QAM symbols. The complex QAM data symbols form a frame X u s (i), i = 1, 2, . . . , n s , u = 1, 2, . . . , U , with n s being the number of active data-carrying subcarriers while U represents the O-OFDM symbols in the frame. The procedure is followed by generation of random sequence of pilot signal X p (i), i = 1, 2, . . . , n s . Signal X p used in rotating the phase of the X u s data symbols. Thus, the frame size changes from U to U + 1 due to the concatenation of the pilot signal. The phase rotation 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 procedure can be defined in (1) as:
where a iu and θ iu are the QAM constellation amplitude and phase of the The filter vector, F g , is given as:
where
for i = 1, · · · , n g , and n g = n s /G represents the number of active data-carrying subcarriers per group. Hermitian symmetry is equally ensured on the filter vectors to make sure their output maintains the Hermitian symmetric property required in O-OFDM system. The filters narrow down the band of the PA O-OFDM frame such that its output, X g , represents a distinct subset of the original frame. Thus, the filtering operation reduces the number of active subcarriers that can add up coherently to form high peaks. Filter output F g is loaded on the g th IFFT to obtain time domain signal x g (n). 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 PAPR of an oversampled discrete time domain O-OFDM signal has been shown to accurately approximate that of a continuous time domain signal [17] .
Thus, the PAPR of the continuous time domain signal, x g (t) is approximated by oversampling the PA O-OFDM frame in the frequency domain [12] . The over-
, is the IFFT of X g . Thereafter,
the PAPR of oversampled x g (n) defined as the ratio of the maximum instantaneous power of x g (n) to the average power of x g (n) is evaluated over the PA O-OFDM frame as [12] :
where E[·] is statistical expectation.
Signal x g (n) with the minimum PAPR per group is obtained by performing P iterations of the data symbol phase rotation with different randomly generated pilot symbol phase sequence. This phase rotation changes the statistical characteristics of the data symbols within the frame in order to reduce the probability of coherent addition of subcarriers that can produce high peaks. Thus, oversampled x g (n) that gives the least PAPR after P iterations is selected to modulate the intensities of LED arrays in the g th group.
Appropriate DC bias, B g is added to real-valued bipolar signal x g (n) to obtain unipolar signal, x dcg (n), needed to drive the g th optical modulator. It is assumed that all the D LEDs have the same orientation and are placed such that they have identical gains and similar delays at the receiver [9, 18] . Thus, the system relies on spatial summation of the simultaneously transmitted group signals from the G LED groups during propagation in space. Hence, it is possible to utilise the photodetector of a PA O-OFDM receiver [4] to detect the optical signal at the receiver.
The received signal, y r (n), is proportional to the received power with additive white Gaussian noise (AWGN), w(n), that is: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 where x dc g (n) = x g (n) + B g . The process of pilot phase estimation using maximum likelihood technique and data symbol recovery at the receiver is similar to the one described in [13] .
Analysis of PAPR Distributions of Pilot-assisted O-OFDM System with Grouped LEDs
In this section, we present the distributions of PAPR of the PA O-OFDM signal utilising grouped LEDs with the assumption that x g (n) follows Gaussian distribution, which is true when N ≥ 64 [19] . In practice, there are two categories of subcarriers in OFDM systems: the active and inactive subcarriers.
The data and/or pilot symbols form the active subcarriers, N active , while the null subcarriers represent the inactive subcarriers, N inactive . The transmission power is allocated to active subcarriers in order to have a power efficient system [16] . According to the property of Hermitian symmetry in basic O-OFDM, X u (0) = X u (N/2) = 0, making the number of inactive subcarriers relatively small compared to the total number of subcarriers. Hence, it is possible to assume that the total available transmission power is allocated to all N subcarriers. However, this assumption is not applicable for O-OFDM system using grouped LEDs.
Filter output X u g (i) is formed by filtering the original PA O-OFDM frame X u (i) through F g as in (6):
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we assume that active subcarriers have equal power allocation, such that, the power allocated to the i th subcarrier,
, where ρ ≤ N/N inactive for a maximum transmit power constraint. Using these assumptions and the extreme value theory [16, 19] , we obtain the cumulative distribution function (CDF) of a single basic O-OFDM symbol in grouped LEDs system as:
and N active = 2(n s /G) = 2n g . The derivation of (7) can be extended to cases where active subcarriers have unequal power allocation. Thereafter, we obtain the distribution of PAPR of a single PA O-OFDM frame with the fact that the U + 1 symbols in the frame have at least U + 1 distinct maximum peaks. Thus, we use the maximum order statistics [20] and (7) to derive the CDF of PAPR for a PA O-OFDM frame as:
where U p = U + 1. Furthermore, the P iterations of pilot symbol phase rotation with data symbols result in P distinct PA O-OFDM frames. Hence, we use the minimum order statistics [20] and (8) to analyse the PA O-OFDM frame that gives the least PAPR. Thus, we obtain the CCDF of the PA O-OFDM frame with the least PAPR as:
P cg is the probability of the PAPR of x g (n) exceeding y.
Results and Discussion
In this section, we conduct computer simulations to validate the proposed analytical CCDF of PAPR in PA O-OFDM systems utilising grouped LEDs. In 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the computer simulations, an oversampling factor of L = 4 is used in order to obtain approximate PAPR of a continuous time O-OFDM signal and constellation size of 4-QAM is utilised. In this work, perfect synchronization is assumed at the receiving end. with those obtained using (9) with a gap of about 0.1 dB due to approximate Gaussianity. The threshold PAPR can be obtained from (9) as:
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